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For a charged membrane in an electrolyte solution the electrostatic free energy is derived treating the system as a diffuse 
&ubIe Iayer. The dependenczz of the free energy on external p-meters like surface chaise density and temperature is oh- 
tzined and the physical k&s discussed. As an application the charges are shown to esert an electrostatic surface pressure on 
the lipid chain packing which leads to a shift in the phase transition of lipid membranes. The results confvm the interpreta- 
tion of experimental data as given by TrZuble et al. in the accompanying paper. 

I. Introduction 

Recently it hzs been shown experimentally that 
the behaviour of tipid membranes depends strongly 
on electrical charges present on the membrane and in 
the bordering electrolyte solution [I ,2 1. For lipids 
with ionizable groups the transition temperature T, 
(between the ordered and fluid state) can be varied 
by changing the ionic environment, e.g., pH and 
mono- or divalent metal ion concentrations. It was 
also found that connected with the thermal phase 
transition there is a release or adsorption of cations at 
the membrane surface. The inverse effect, triggering 
of the phase transition by cations at constant tempera- 
ture, has been observed as well. Furthermore. lipids of 
different charge have been shown to undergo phase 
separation under favourable conditions [3] _ 

The basis for a common understanding of these 
effects lies in the free energy con’.ribution of the 
charges. Knowing its dependence on the external 
parameters like temperature and charge density it is 
then straightforward to derive expressions for the ex- 
perimentally observed electrostatic effects, i.e., the 
electrostatic shift in the transition temperature Tt, in 
the bulk pH. or in the areafper lipid molecule in the 
membrane plane. 

In the literature, there seems to be some confusion 
about the electrostatic free energy to be used for a 

correct interpretation of the experimental findings. It 
is the aim of this paper to present a careful derivation 
of the electrostatic free energy for the charged 
membrane-electrolyte system. The theoretical model 
used is the double-layer concept of Gouy and Chapman. 
The charges on the plane membrane surface, smeared 
out homogeneously, are balanced by an ion cloud in 
the bordering electrolyte. The internal electrostatic 
energy is calculated by integrating the energy der sity 
of the electric field over the system’s volume 
(section 3). From this internal energy the electrostatic 
free energy can be derived in different ways, by an 
integration over temperature or by a charging process 
(section 4). The free energy is found as a function of 
the surface charge density which itself depends in a 
defirite manner on the pH and metal ion concentra- 
tions in the electrolyte solution (section 5). 

As an application of the theoretical results for the 
electrostatic free energy we investigate the electro- 
static shift of the transition temperature Tt_ The 
latter can be influenced electrostatically in a twofold 
way_ For both mechanisms the shift of Tt is found 
proportional to the electrostatic “surface pressure”, 
i.e., the variation of the electrostatic free energy with 
the areafper lipid molecule. A large body of experi- 
mental results on the electrostatic shift of Tt is pre- 

sented in the accompanying paper by Trsuble, 
Teubner, Woolley and Eibl [4] (TTWE). For a com- 



310 F. J~&inlg#Fksrcwratic free energy of &urged lipid membranes 

parhcm of +hese results with the&y they used the 
5zi.m.e exp~4~&3r,s for the electrostatic free eners end 
surface pressure as derived in the present paper, and 
found excelent agreement. 

in order to state the pIrysl~& problem clear enough 
unr; start in section 2 with the description of the eiec- 
trostatic shift of the transition t~rn~~~tu~e Tt7 and 
proceed later to’the derivatian of the ekxtrostatic free 

energy and surface pressure. 

2. Electrostatic shift of Tt 

Charges can act on the transition tern~~~~re in a 
twoHd way. On the one hand, the areafper lipid 
molecule in the layer plane is incireased dy electro- 
static repulsion. From theoretical investigations of the 
hydrocarbon chain system it is known that for larger 
areafthe transition temperature is lowered tS,6J_ The 
rct;tson for this lies in the stabilizing effect of stedc 
hindrance which becomes less effective for larger areas 
fthus lowering T,. This area-induced lowering seems 
to have been observed in experiments where f was 
varied using lipids with poiar heads of different site 
Uf- 

&A the other hand, at the melting transition a 
loosening of the packing has been found, Le., an 
abrupt increase Afof the areafper lipid molecule 
[KS]. This chaage A~~nduc~s, at the phase transition, 
a change ir, the electrostatic energy of the system 
(which depends upon f )_ The eiteetric energy favors 
the more! IoaseIy packed state, the transition into this 
state happens more easily, and the transition tempera- 
ture Tt is lawered. This jump-induced shift therefore 
acts in the same direction as the area-induced shift. 

These two effects will now be treated more exactly 
starting with the jump-induced shift. The phase transi- 
tion will alw3ys be regxded as a kst order tranGtio;l 
between two pIzases A and 3 (in the acttiaf case with 
ttre transition s.neared out we extrapolate the: interest- 
ing quantities from the pure A and l3 phases to rke 

hy~~th~~ie~I Ttf. The phase transition occurs when 
the free energkr uf the two phases are exytaf 

FAU’t,.(Al = FBC@-t,fg) - 01 
F denotes the free energy per lipid molecule. In this 
expression the states A and ED are characterized solely 
by the area f per lipid molecule, all other properties 

differing between A and B are taken as functions of 
the area f. 

Working at Constant pressure we wuuId haye tu use 
the free enthalpy G instead of F, Fw a ~sc~s~iun of 
electrastatic effects the difference between Fe1 and 
Gel is n&igible fl@] _* 

Using the symbof A for differences between states 
Band A, e.g., 

AFYT.fAvf& = F~tT.fg) - FAClr,fAj s (2) 

and remembering F = U - m we can write eq* (1) in 
the form 

AU- T;As=O w (33 

This relation has the foEowing meming: If B fras a 
higher energy than A, then A is stable at low tempera- 
tures. ?f, OR the other hand, B has a bigbar entropy 
&an A char& B will be stable at high temperatures, 
The transition between A and B QCCUIS when the energy 
differem% AU is compensated by the difference in 
thermal energy TAS. 

Eq. (3) may be used with some advantage instead 
of eq. (1) if AU and AS depend only weakly LXI tem- 
perature. Being interested in the charges” influence on 
1; we split off the electrostatic pa&z in the er;ergy and 
entropy, AU= AU* + AUef and AS = AS” f ASel, 
to get 

Tt = fA U* f A Ver~&%S+ f ASet) . e1 

According to the signs of A@ and ASeg and to which 
of both dominates, the transition temperature is stifted 

up ox: down by the electrostatic. This behavior is equal- 
ly well represented, using API = A&@ - TtASe’, by 

Tt = T; f AP=l/AS* , (3 

with TF = A U”fAS*. As discussed above the change 
AFeX of the electrostatic free energy zlt the phase trazz- 
sition can be traced back to the jump Af in the packing 
dernsity. Expanding in luwest order yields 

AFez ~~~~es~~~Af~ (63 
and 

Tt - T; = A Tt = (Af [AS) iJFeEjtif e 03 
This reIation has already been used by T&ubIe md 

* I%& has to &e noted on com~arim with TTWJZ where the 
free entbalpy per mole is derkted%p C. so that & = r;i;e’, 
L bt?irtg the Awogadro number. 
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Eibl [ 1.21 in the same context and represents the 
jumpinduced shift AT, of the transition temperature. 

The area-induced shift S Tt in principle aIso follows 
from the free energy of the system. The areas fA and 
fB entering eq. (1) are the equilibrium vaIces offin 
phase A or B obtained by minimizing the total free 
energy with respect to f 

aF;*/apafll/aA=o. (8) 

for i = A or B. Due to the electrostatic term the areas 
in A and B differ from the areas&* of the uncharged 
system, Sfi = fi - fi* _ The shift Sfi being small com- 
pared to fi the first term in eq. (8) can be expanded 
in lowest order as 

aF*laf=(a2Fi'/af2)~*6fi. (9) 

This relation inserted into eq. (8) leads to the result 

s; = (l/x;)fI;‘*, ilO) 

with the electrostatic surface pressure defined by 

ff;‘* = -<aF$q.e, (11) 

and the “stiffness” of the uncharged system by 

x; = (a2F;/af2)fic , (13 

(all derivatives taken at constant temperature). This 
shift of the area of a lipid molecule may be observed 
far away from the phase transition. 

To evaluate the area-induced shift 6 Tt in lowest 
order we neglect the jump effects, AT. or Af- being 
small themselves. Expanding Tt in terms of AfA = 

6fB = Sf we obtain 

Tt” = T,‘* + @T,“/af *) Sf - (13) 

Tt* is the transition temperature of the uncharged 
system. Inserting eq. (10) yields for the area-induced 
shift 

Tt’_ T,*‘= sr, =(1/x*) (a2-;*/af*)W* . 04) 

We remember that aT,“/af l was found to be negative 
[S-7]. 

Combining the two shift effects it is clear that the 
Linear approximation used in the derivation of S T,, 
eq. (14) has also to be introduced in eq_ (7) for AT,. 
i.e., the values of the uncharged system have to be in- 
serted for Af and AS’. The result for the total charge- 
induced shift of the transition temperature is then ob- 
tained as 

This shift is proportional to the electrostatic surface 
pressure, the proportionality factor being given solely 
by quantities of the uncharged system. These quanti- 
ties are not very well known. They are all positive 
which shows explicitly that the two shift effects act 
in the same direction_ Since Be1 will be shown to be 
positive the transition temperature Tt is lowered. 

To estimate the relative importance of the two 
shift effects we compare in eq. (15) Af * with 
X* -11 aT,'*/af l 1 AS**, which is also of the dimension 
of an area per particle. Using for the stiffness [l I] 

X * = 1 dyncm-l/8,1, for the variation of the transition 
temperature [6] i aT;*/af l I = 1 deg/A’, and for the 
entropy change [ 121 AS** = 20 cal/mole deg = 
15 X 1 O-f6 erg/deg, we find 

1 Oft -- I I AS*’ = 15 AZ. 
X* af- 
This value entering 6 TX has to be compared with Af * 
entering AT,. Exact values of Af * are not known, one 
may expect [8,9] 

Af * = 10 8L2 _ 

According to this estimate the area-induced and jump- 
induced shifts of Tt are of comparable magnitude. 
TTWE did not take into account the area-induced shift 
but showed that quantitative agreement between 
theory and experiment is obtained using the value 
Af* = 15 AZ, for the lipid MBA under investigation. 
This value may then be regarded as an effective one 
representing both shift effects. 

The electrostatic free energy and surface pressure 
entering eq. (15) will be investigated in the following 
sections. 

3. The eiectrostatic internal energy 

In this section the electrostatic internal energy of 
the charged lipid-electrolyte system will be derived. 
This is most easily done by integrating the energy 
density (e/8rr) E2 of the electrostatic field E over the 
volume, E being the dielectric constant. 

We describe our system electrostatically as a diffuse 
electric double layer, usually called after Gouy and 
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Chapman. The charges on a plane surface are balanced 
by mobile charges in the electrolyte solution on one 
side of it. The distribution of the mobile ions is gov- 
erned by electrostatic interaction with the surface 
charges and by thermal motion. In directions parallel 
to the plane surface all charges are smeared out homo- 
geneously and boundary effects are neglected. This 
mode1 is directly appIicabIe to lipid monolayers on an 
electrolyte surface. In the case of bllayers in a lipid- 
electrolyte solution further assumptions are necessary 
in order to apply the model: (i) the interaction between 
bllayers facing each other is negligible (this holds for 
highly dilute solutions), and (ii) the interaction between 
the two layers of the same bilayer is negligible (because 
of the small dielectric constant in the hydrocarbon 
region). 

The ~ouy-C~prn~ double layer has been dis- 
cussed at Iength by Verwey and Overbeek [I 31. 
Mainly for definitions we repeat the most important 
relations. The space charge density is given by 

PG) = FVieni(z), 061 

where z > 0 is the coordinate normal to the surface, 
e the positive unit charge, Vi and “i the valency and 
particle density of the ion kind i. The density n,. de- 
pends itself on the electrostatic potential r&(z) via the 
Iloltzmann ~st~bution 

8$(z) = rzi exp f-r+? $(2)/H-] , (171 

Tbelng the temperature and k‘ Boltzmann’s constant. 
For simplicity we specialize to a 1 : I electrolyte, i.e., 

VI = - r.9 = 1 and n t = n2 = n (because of electrical 
neutrality far away from the charged surface). Then 
the Poisson equation reads 

d*$(.z)/dzz = (4rrnele))Cexp [e $(z)/kT] 

- exp [-e $4z)/kT]3 - (18) 

The first integration of this equation can be done on 
multiplying both sides with 2 d+/dz dz, the integra- 
tion constant being fixed by the boundary conditions 
$(-) = 0 and d$(=)fdz = 0. The result is 

d$(z)/dz = ((BnrzkT/e) {exp f-d $(z)jzX-r] 

+ dxp E--e +(.2)/2kTJ - Z)]‘“. (1% 

In our case of a symmetric electrolyte the square root 

can be evaluated and introducing 

K = (8me21ekT)” 

we find 

(20) 

d rit(z)kdz = - 2K(kT/C?) smh fe $(z)/2kT] * Cw 

The sign is chosen for physical reasons; in our case of 
negatively charged lipids the electric potential p(z) is 
negative, then d$/dz has to be positive. The solution 
Q(z) of this equation can be obtained analytically 
only in the limiting cases of low and high potential. 
For le Il/(z)/kTI < 1 one gets 

q(z) = *O eWKr , cm 

leading to the interpretation of K-t = 1, as the 
screening length. For le $(z)/?ZJ 9 1 the potential 
G(z) faU_s off more quickly than in eq. (2?). 

To derive the electrostatic energy Uel the relation 
eq. (21) for the electric field Ez = -&k&z is suffi- 
cient. We integrate the energy density of the electric 
field over the volume 

Ue’ = (e/&r) SE: d V _ (23) 

We normalize the extensive qualities Uet and Pper 
lipid molecule in the surface. It is convenient to intro- 
duce also the surface energy density ael =t Uel/f, for 
which we End using eq. (21) 

(24) 

In our problem the quantity given beforehand is the 
surface charge density (I. It ls determined by the charge 
4 per lipid molecule (the relation between r~ and the 
ionic environment will be treated later in section 5) 
and the area f 

a=&- cm 
On the other hand, there is a simple refation between 
u and the surface potential Gas Electroneutraliiy 
yields, using eq_ (2 1) 

09 
o=- 

.I- p(z) dz = -(e/477) d$$dz = c sinh(e+g/2kT), 
0 

(26) 
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with the constant 

c = (~~/2rr)kT/e , (27) 

defied ZIS in TTWE. Eq_ (26) allows to express ue[, 

eq. (24), directly in terms of D, 

(28) 

This is our result used later. An important point to 
note is that the electrostatic energy is positive. Since 
the reference state of vanishing energy is uncharged, 

CT = 0, each state with a finite D has a higher energy *_ 
Concerning this reference state the following re- 

mark should be added. Vanishing surface charge corre- 
sponds to the case T= 0 where the counterions are 
not able to diffuse around thermally but are adsorbed 
at the surface. In Stern’s picture of a double layer 114) 
the counterions approach the surface up to dimen- 
sions of the ionic radius, for T = 0, building up a 
molecular condenser. in the Gouy-Chapman model 
the ionic radius vanishes and with it cr = 0 For T = 0. 

To gain more insight in the energy @I, eqs. (24) 
and (28), let us consider the simple case le 9&WI % I, 
which means low potential and high temperature with 
a well established ion cloud. From eqs. (26) and (24) 
one finds 

ff = (EKj47T) $0 , 

and 

,el =:o$,o , 

or 

(29 

(30) 

Ue’ =(?rhD/ef)q2 =(Efl161rhD)Q; . -(31) 

This result corresponds to a condenser with the dis- 
tance d = AD/2 between the plates. Ct is weIi known 
that by changing the geometry of a condenser its 
energy varies quite differently according to vchether 
the charge or the voltage is heId constant. In our case 
of constant charge Q we fimd if the areafis varied 

(acPjan, = - (q-+f 21q2 -=c 0 _ (32) 

TiGS means that for increasing f, i.e., separating the 

l In contrast to this the reference state of Debye and Ha&e1 
was the state with bare ions. Allowing an ion cIoud to build 
up around each ion the counterions approach the originally 
bare ion and electrostatic enerw is gained. 

charges further, the energy decreases *. This leads to a 
positive electrostatic surface pressure net, if the inter- 
nal energy is dominant in the free energy. In this case 
the simple picture of a condenser explains qualitatively 
the positive W-l, and according to eq. (15) the decrease 

in the transition temperature induced by the charges. 
The other case where the electrostatic surface pressure 
arises mainly from the entropy term in the free energy 

will be discussed in the following section. 

4. The electrostatic free energy 

The free energy of our electrostatic model, the 
double layer of Gouy and Chapman, will be derived in 
two different ways. The first way is a straightforward 
application of the thermodynamic relation 

u = a fw f ap , (33) 

p =(kT)-’ , which inverted yields the free energy F by 
an integration of the internal energy U over the inverse 
temperature /3. This procedure has been applied by 
Debye and Hiickel [lo] in the problem of pointcharge 
screening. A second way was introduced later by 
Debye [I SJ using a charging process. In connection 
with the Gouy-Chapman model this charging process 
has been discussed by Venvey and Dverbeek 1131. It 
has also been applied to polyelectrolytes by Lifson and 
Katchalsky 1161. 

4.2 _ Temperature irttegratiorl 

The thermodynamic relation eq. (33) is incomplete 
insofar as the variables to be held constant at the dif- 
ferentiation have not been specified. In general these 
are the quantities by an external change of which 
work is done on the system, e.g., the volume and the 
particle number for an idea1 gas. In our case of a 
charged inhomogeneous system the charges have to be 
held constant, not only their number or magnitude (4) 
but also the area per charge cf), in short the surface 
charge density (T (this wiil be generalized in section 5 

= Considering point charges on a plane, cu6ic order tirhf=G. 
I- the distance between nearest nei$bours. UT find Ue’ - 
l/r - Ilfl’z, which varies more w&ly thm WI- l/f for a 
condenser. In a condenser the screening of charges by coun- 
tercharges on the other phte becomes more effective with 
increasin& Lading to a faster detrease of ue’- 



when dissociation effects are taken into account), The 
electrostatic rice energy Fe1 is given then by an in- 
definite integrai, BFet = J Uet(Yi, cr) do, or 

Fe’=_@-’ 
P iYe’<@‘, a) do’ + @-‘C(u) _ (34) 
0 

The integration constant C(u) cannot be determined 
by means of the reference state [J = 0. Instead we fix 
it by the specification that in the high temperature 
limit T+ 00 the entropy Se1 = -@Pt/aT), should 
not depend on the presence of surface clzarges, i.e., 
Se1 + 0. Since the first term in eq. (34) leads to a 
vanishing entropy for T+ -, see eq. (41), we have 
to choose C = 0. Then eq. (34) yields, after division by 
f to get the electrostatic free energy per areafe* and 
insertion of rtel from eq- (28), 

x C[r +(o/c&J’]“” - I), (35) 

with the P-independent quantities KQ and co defined 
by K = ~npt’~ and c = c&-~~*. The integration is 
more easily carried out after the substitution 
(u/c&3’ =x2: 

and yields 

(37) 

The same result has been found by TTW’E. From this 
expression the electrostatic surface pressure TieI is 
derived according to eq. (11) 

I-Id’ = -((ifFel/af)*Sq , (381 

where the quantities held constant have been speci- 
fied. The general result for IIet is found below. 

To see the relative importance of the internal 
energy and the entropy in f e1 we also give the result 
for the entropy. Noting from eqs. (37) and (28) that 

f='=a&) - 2uet* (39) 

and knowing f e1 = uei - Tsel we fmd on comparison 

Tsel = - c$* f 3Lcet * (40) 

In the low potential limit (e+o/kTi < 1 this rela- 
tion reduces, with eq. (30), to 

yyl= -,el _ (41) 

The entropy term is of the order of zFt and because of 
the negative sign shifts the transition temperature, eq. 
(4), in the same direction as rFt. This doubhng of the 
effect can also be seen directly from 

fe’ = (27&K)& = 2tP* . (42) 

This reiation, on the other hand, leads easily to the 
electrostatic~surface pressure 

IF = (2n/.%) lJ2 , (43) 

in the low potential limit. 
In the high potential limit l&&T1 S I the inter- 

naf energy 

uel = (kT/e) lo I W) 

is negligibly smah compared to 090 in eqs. (39) and 
(40) and therefore 

fel = - Tsel = a$0 _ (45) 

With 90 from eq. (26) one gets 

Fe’ = -2&T/e) In (-o/c) , (446) 

and with eq. (25) the surface pressure results as 

f@ = -2&w/e) cr , (47) 

in the high potential limit. Since o < 0 we again find 
a positive surface pressure as in eq. (43). 

The result eq. (43) for IIet in the limit of Iow 
potential and high temperature can be understood by 
analogy to the simple condenser discussed earlier, eq. 
(33). In this limit the distribution of charges in the z 
direction is dominated by thermal diffusion. If the 
areafis increased this dist~bution remains unchanged 
fP0) - Q(z) - exp {-XT) in this limit ] corresponding 
to the condenser case. AI1 what happens under in- 
creasingf is that charges of equal sign become sepa- 
rated Further, in directions parallel to the surface, on 
the surface as well as in the ion cloud. The eIectro- 
static energy is decreased arm the entropy, eq. (41), 
increased leading to a positive electrostatic surface 
pressure IIei. 

In the other limit of high potential and low tem- 
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perature the electrostatic surface pressure, eq. (47), 
has a quite different origin. In this case the distribu- 
tion of the counterions is no more determined by 
thermal diffusion but instead by the electrostatic 
attraction to the charged %face. lffis increased the 
attraction is weakened anl the counterions become 
more smeared out in the z direction [p(z) - 
exp I--e +(z)/fcT] with x$(r) falling off faster than 
exp {--KZ), but increasingftencls to weaken this 
sharp falling off]. This smearing out gives rise to an 
increase in entropy which leads to the positive electro- 
static surface pressure in this case. 

The increase in entropy is actuaIIy Iarge enough to 
overcompensate the energy needed for the counterions 
to diffuse away from the charged surface. This energy 
neglected in eq. (46) because of le$@TI 3= 1 has the 
tendency to weaken the surface pressure eq. (47) aris- 
ing from the entropy. As a small effect it may be ob- 
served superimposed on a large entropic effect under 
special conditions [4]. Since the energy increase will 
be relatively large for small screening length AD - 1 /dn 
a high salt concentration is needed (e-g_, monovalent 
metal ions which do not bind to the lipids). 

Having derived explicit expressions for rIel we are 
now in the position to give an estimate for the order 
of magnitude of the charge-induced shift in the transi- 
tion temperature Tt_ Our results apply to the case 
where 9 is constant; to compare with experimental 
results let us simply take q = -e, i.e., maxima1 charge 
in the case of lipids with one d&sociable charge like 
MPA. The measurements of 33WE were done mainly 
under conditions wSere le$o/kTj S- I holds. Inserting 
eq. (47) in eq. (15) we obtain for the relative shift in 
this case 

(T, - T,*‘)/T,” = - ‘I(Af/f)kTiTAS 9 (448) 

where the starj on the r.h.s. have been omitted. A f 
should be regarded as an effective jump in area in 
order to take into account also the area-induced shift 
effect. The quantity kT/TAS is the ratio of thermal 
energy to the jump in thermal energy. Using 
kTjTAS = l/10 and Aflf = l/4 we find 

(T, - Tf=)/T,+’ = -$ . (49) 

orT,- T,t;,==- 15 deg for the charge-induced shift 
of the transition temperature of a singly charged 
lipid. This result agrees well with the experimental 
finding for MPA 141. Furthermore, the smallness of 

the effect, eq. (49), may be taken as a justification of 
the linear approximation used in section 2. 

4.2. Charghg process 

The results obtained above for the electrostatic free 
energy fe’ and the surface pressure CIel will be re- 
derived in this chapter by means of a hypothetical 
charging process. We will foIlow closely the formtia- 
tion of this method by Lifson and Katchalsky 1161 
for the case of charged macromolecules_ 

The free energy of a certain state is the amount of 
work which has been performed isothermally on the 
system to reach this state. In our case the electrostatic 
free energy is obtained by charging the system up to 
its actual state, the reference state being uncharged as 
earlier. The charging is carried out simultaneously on 
the surface and on the ions in the solution, alectro- 
neutrality being maintained throughout the process. 
We denote by a prime the values of the varying quan- 
tities. 

The work performed by increasing the charge of an 
ion by de’ is $‘de’, $’ being a function of the position 
of the ion and of its variable charge e’. The number of 
charges per unit volume is p’/e’, and is also a function 
of position and of degree of charging. The work per- 
formed by charging all-the ions in a volume element 
dV by de’ is *‘de’ (p’/e’) dV. Similariy the work per- 
formed by charting a surface eIement d F by de’ is 
+b de’ (o’/e’) dF. Integrating both terms, the electro- 
static free eneru (normalized again per lipid molecule) 
is obtained as 

From the electrostatic relation 

and eq. (23) it is seen that the bracketed expression in 
eq. (50) is twice the internal energy CJel’. Introducing 
the charging parameter X by e’ = he one finds the 
result 1161 

(52) 
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Inserting u”‘(A) from eq. (28) with u’(X) = Xo and 
K’(A) = ti we obtain 

After substituting OX/C = x this relation reduces exact- 
ly to our former result, eq. (36). 

The formulation eq. (52) of the charging process 
can easily be transcribed to yield directly the electro- 
static surface pressure. For this aim it has to be noted 
that UeI’(A) =fuel’(X) with eqs. (28) and (25) de- 
pends on X only in the combination A/f. Therefore 
the A-integration at constint f can be replaced by an 
integration over fat constant h = I (with dh/h = 

-df/f) 

f 
p=_ 

l 
2 W’Cf’) d$ , (54) 

where the integration is meant at constant tempera- 
ture Tand charge 4 per lipid molecule. From this ex- 
pression the surface pressure lIeI, eq. (38), is directly 
read off to be 

nel= zuel _ (551 

This relation together with eq. (28) for ueL is our 
generai result. The internal energy uel beiLig positive 
per definition, eq. (23), the electrostatic surface pres- 
sure is found positive. The earlier results for IIel in the 

special cases of low and high potential, eqs. (43) and 
(47), are easily shown to fulfil the general relation eq. 

(W. 
We may go one step further to make contact with 

a slightly different formulation of the charging process 
due to Verwey and Overbeek [13]. Our treatment of 
the double lsyer _can be described thermodynamically 
as 

dFel = -Se’dT - ll=‘df, (56) 

with Kler given by eq. (55). From this relation a simi- 
lar bne for the free energy@ per unit area may be 
derived. Considering 

dfel=(l/f)dFel - Fe’d(llf), (57) 

and our earIier result eq. (39), Fe* = q$,-, - 2Ue1, we 
obtain 
dfe’ =--s=ldT- &,do. (93) 

This relation allows to determine fe’ by an 
alternative charging process 

f=’ = p &(a’) da’ , 
0 

(5% 

which has been discussed by Verwey and Overbeek. 
In this form it was the theoretical starting point of 
TINE. 

To avoid misunderstanding on comparing our 
results with the work of Verwey and Overbeek 1131 
it should be noted that they applied the double layer 
concept of Gouy and Chapman to an electrode- 
electrolyte system. In this case the surface potential 
I$,, is fwed electrochemically and has to be considered 
as an external variable in a thermodynamic relation 
like eq. (SS)_ The appropriate thermodynamic poten- 
tial & is then obtained by making a Legendre trans- 

fomation + 

~‘=f”‘-a~o. 

With our result eq. (37) we find 

(60) 

(61) 

which is exactly the result of Verwey and Overbeek. 
In the low potential limit their system may again 

be interpreted as a condenser. The area f being in- 
creased under constant voltage Q,-J the electrostatic 
energy Ue*, eq. (31), increases, in contrast to the result 
eq. (32) for our lipid system. 

5. Dissociation changes 

In all the caiculations up to this point we have 
been restricting ourselves to the case of a constant 
charge CJ per lipid molecule_ This may equally well be 
expressed by a constant degree of dissociation Q 
according to 

4=--&e, <=I 

for lipids with one dissociable charge, 0 G a G 1. As 

an example for a constant Q we discussed the case 

* In the %m~e way one pasres from the internal energy Li to 
the Oee energy F = U - TS when the temperature is E-ved 
externally. 
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Q = 1, i.e., complete dissociation. The shift in Tt is 
then maximal and given by the simple eq. (48), for 
the high @ential limit. In general it is well conceiv- 
able that CY changes with the area fi With increasing f 
the electrostatic binding of positive ions at the lipid 
surface charges is weakened, some of the ions are 
released, leading to a larger Q. The electrostatic free 
energy of a state reached by a charging process with 
varying Q! differs from that of a state reached under 
constant a. The electrostatic surface pressure being 
the derivative of the free energy with respect to the 
area f may be influenced by a dissociation change as 
well. tt is the aim of this final section to determine 
the surface pressure for the more general situation of 
varying surface charge 4. As an example of binding 
counterions we choose protons, the treatment being 
applicable to divalent metal ions as well. 

In equilibrium CC is given by 

Q: = KKK+.& I (63) 

with K being the dissociation constant and nHO the 
proton concentration at the surface. As in eq. (17) 
the latter may be found from 

“HO = nH exp(--e$O/kT) , (64) 

where nH is the bulk proton concentration. The sur- 
face potential fro being negative the proton concen- 
tration is enhanced at the surface and 4~ lowered. This 
description of dissociation is equivalent to Stem’s 

treatment [14] of adsorption at a charged surface. 
In the limit of low potential le#&TI Q 1 the 

electrostatic adsorption is negligible, our earlier result 
for iIel can be used, cc being given by eq. (63) with 
FzHO = ?zH_ 

in the high potential knit l&o/k27 9 1 eq. (64) 
becomes, using eq. (26), 

“HO = +&2+)2 s (65) 

and therefore we obtain for the surface charge density 
with eq. (62) 

1 

O= -; 1 t(4fzH/Kc2),2 - 
(66) 

The solution for u of this equation has to be inserted 
in ,=I, eq. (28). If we were again to derive the electro- 
static free energy we must take account of the more 
complicated dependencies of Uel on temperature Tor 
charging parameter X which lead to a different result 

for f e* as the one derived earlier, eq. (37). Being 
interested mainly in the electrostatic surface pressure 
the charging process eq. (52) again allows to circum- 
vent the explicit integration. Noting that the solution 
for o’, eq. (66), is a function of h/f as before the A 
integration can still be replaced by an integration over 
f, now at constant temperature and constant proton 
concentration )zH_ * Since the eIectrostatic surface 
pressure by analogy to eq. (38) is given by 

rP = -(af+iap ‘TJZH ’ (67) 

we find our earlier result, eq. (55), 

nel= ael _ (6% 

In the limit le$o/kTI s 1 under consideration this 
yields explicitly, as in eq. (47) 

rP = 2(kT/e)lal , (69) 

with u now determined from eq. (66). 
For completeness we add the thermodynamic rela- 

tion corresponding to eq. (67), without restriction to 
one of the limiting cases of low or high potential. In 
contnst to eq. (56) where the charge 4 was considered 
to be constant, work can now be performed on the 
system by changing 4. Actually 4 is accessible exter- 
nally by the proton concentration pzH (and the tem- 
perature T), and in the high potential limit also by the 
area f. So in addition to the external variables T andf 
of eq. (56) the proton concentration nH enters the 
thermodynamic relation which reads 

d@ = - Se’dT 1 IIe’df f fi=‘dn H- (70) 

(In principle aIso the concentrations of other ions 
may be included as external variables.) ‘Ihe above 
definition of ne*, eq. (67), is a direct consequence of 
this relation, the quantity pel being defined anaio- 
guously. 

The physical basis of W1 is the same as discussed 
in the preceding section. But we are now able to vat-y 
lIel externally. Changing the proton concentration “H 
the charge 4 can be varied between 0 and the maxima1 
value -e allowing the surface pressure and the charge- 
induced shift cf Tt to be switched on and off. To 
some extent 4 can also be varied by changing the con- 

* iJsuaUy the constant K depends on temperature as K = 
K. exp (-_o/~T). its constancy then being included in 
the constan: temperature. 
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centration of non-binding ions, e.g., monovalent 
metal ions (these contribute to the total eIectroIyte 
concentration n like the protons). This effect of salt 
concentration occurs in addition to the small salt 
effect discussed in section 4. 

-4 quantitative comparison between the theoretical 
result as described by eqs. (69) and (66) and experi- 
mental data hzs been carried out by TIWE and excef- 
lent agreement was found. 
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